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OUTLINE OF LECTURE 2

% Renormalization within Lattice QCD
» perturbatively
» non-perturbatively

% Hadron spectroscopy

% Key points of Lecture 1
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Renormalization

% Lattice QCD is renormalizable, thus QCD must recover upon continuum
limit (removal of regulator)

% Lattice regularization has a consequence of that (bare) lattice quantities
depend on lattice spacing, a

* However, physical quantities cannot depend on regulator, thus bare
quantities must be tuned with a, so that observables are not affected

% Renormalization:
» UV divergences must be removed prior continuum limit
» Divergences canceled by adjusting the parameters of the action

» physical results are expressed via measurable parameters
(not via parameters in bare Lagrangian)
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Renormalization Group Equation

* Let © be a measurable lattice quantity with mass dimension, d@, and in

Va\

dimensionless form is written as ©

% Existence of continuum limit: 5
O(go(@), ) = —=,  lim O(gy(), @) = Oy,

a—()

A

% Close to the continuum limit (a~0): O = ado @phys

and we can determine £p as a function of a measurable quantity and a
% Thus, a global gy(a) is expected for a~0, applicable to all quantities

* Good quantity is quark antiquark static potential, for a pair separated
by distance R (physical units), and on lattice

1 . R
V(R, go(a),a) = ZV(Z’ 8o(a))

Despite the variation of a, V(R, g,(a),a) must be invariant:
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Renormalization Group Equation

* Let @ be a measurable lattice quantity with mass dimension, d@, and in

Va\

dimensionless form is written as ©

% Existence of continuum limit: 5
O(go(@), ) = —=,  lim O(gy(), @) = Oy,

a—()

A

% Close to the continuum limit (a~0): O = ado @phys

and we can determine £p as a function of a measurable quantity and a
% Thus, a global gy(a) is expected for a~0, applicable to all quantities

* Good quantity is quark antiquark static potential, for a pair separated
by distance R (physical units), and on lattice

1 . R
V(R, go(a),a) = ZV(Z’ 8o(a))

» ]
: T . i ca—V(R, ,a) = 0i
Despite the variation of q, V(R, g,(a), a) must be invariant: - da (R, go(@). a)
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Renormalization Group Equation

d 0 0gy\ O
a_V(Ra gO(a)a a) =0 = [a_ o d _] V(Ra gO(a)a CZ) =0
da oa da / 0g
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Renormalization Group Equation

d
a_V(Ra gO(a)a CZ) =0 =
da
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Renormalization Group Equation

a_V(R, go(a), a) =0 => | V(Ra gO(a)a a) =0 f«
da Lo N o4 %% . RGE]

* RGE gives a definition for the Callan-Symanzik B-function (lattice)

[ : renormalization scale

g (gp) : renormalized (bare) coupling

g, 1

% pL-function dictates the relation between gy and «

% p-function expanded in terms of g9 (asymptotic freedom):

1 2
Br(80) = — bogy — bi1gg — bygy + O(gy) = Tom (11 _ENF>
— 3 _ 5 7 9 1 38
(&) = — bog® — big® — bg" + 0(g”) b= e (102- 3

bo (LO) and b; (NLO) universal, beyond NLO depend on regulator
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Renormalization

% Calculation of physical quantities directly on the lattice does not
require renormalization (e.g., hadron masses)

% Renormalization necessary when one cannot access physical
quantities directly (e.g., Form Factors)

% In most cases renormalization is multiplicative (absence of mixing)
l//R — lelj/2l/jbare , AR — Zj/2 Abare ’ (l/_/FW)R — le/Z(l/—jl—*w)bare

% Renormalization procedure not unique:

» Schroedinger functional
non-perturbatively in numerical simulations
perturbatively to some order in go?.
gradient flow
Ward Ildentities

vVvVvVVvyy
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Renormalization

% Calculation of physical quantities directly on the lattice does not
require renormalization (e.g., hadron masses)

% Renormalization necessary when one cannot access physical
quantities directly (e.g., Form Factors)

% In most cases renormalization is multiplicative (absence of mixing)
WR — lelj/Zwbare , AR — Zj/2 Abare , (l/_/FW)R — le/Z(l/—jrw)bare

’? Fermion bilocal operator
| with Dirac structure I'

% Renormalization procedure not unique:

» Schroedinger functional
non-perturbatively in numerical simulations
perturbatively to some order in go?.
gradient flow
Ward Ildentities

vVvVvVVvyy
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Non-perturbative Renormalization

% Preferred for purely non-perturbative estimates
(low-energy sector of QCD)

% Captures the diverging behavior of matrix elements
to renormalize

* Widely used scheme: Rl-type (regularization independent)

% Typically two important choices to make:
» renormalization scale U
» renormalization scheme
(exceptions include renormalization of vector and
axial-vector currents)

* Results are converted to a common scheme and scale
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Non-perturbative Renormalization

% Preferred for purely non-perturbative estimates
(low-energy sector of QCD)

% Captures the diverging behavior of matrix elements
to renormalize

* Widely used scheme: Rl-type (regularization independent)

% Typically two important choices to make:
» renormalization scale U
» renormalization scheme
(exceptions include renormalization of vector and
axial-vector currents)

* Results are converted to a common scheme and scale

| will return to this topic in Lecture 3 (relevant to hadron structure)
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Lattice Perturbation Theory

% Lattice formulation extensively used for study of
non-perturbative region

% Perturbation theory is also applicable on the lattice
(small-coupling expansion in the weak-coupling regime)
Extraction of astong, B-function, etc

% Lattice pert. theory very useful for computing

renormalization functions
(especially when there is mixing between operators)

% Lattice pert. theory can be used to improve

non-perturbative estimates
(subtraction of finite-a effects)
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Lattice Perturbation Theory

% Lattice formulation extensively used for study of
non-perturbative region

% Perturbation theory is also applicable on the lattice
(small-coupling expansion in the weak-coupling regime)
Extraction of astong, B-function, etc

% Lattice pert. theory very useful for computing

renormalization functions
(especially when there is mixing between operators)

% Lattice pert. theory can be used to improve

non-perturbative estimates
(subtraction of finite-a effects)

| will give selected examples demonstrating the power of lattice pert. theory

mpl
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What should we

first study
in Lattice QCD?
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What should we

first study
in Lattice QCD?

Start from quantities that are (relatively) easy to
compute, and can be compared against
experimental data




First goals of Lattice QCD

Reproduce the low-lying spectrum

Mesons Baryons
e.g. pion, kaon e.g. proton

xX(x,t) x(%, 1)
o * —
X(0,0) x(0,0)
> —<—

(i, t,) ® < o (X, ty) — G(y_', ty; T, t:c)
Quark propagator
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First goals of Lattice QCD

Reproduce the low-lying spectrum

Mesons Baryons
e.g. pion, kaon e.g. proton

creation point

propagator

annihilation point (i, ty) ® “ o (X, tx) — G(y ty; T ty)
Y Y Y

Quark propagator
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First goals of Lattice QCD

Reproduce the low-lying spectrum

Mesons Baryons
e.g. pion, kaon e.g. proton

X(X,t) X (X, 1)

<
F~%(0,0) x(0,0)
| > \ «

| creation point
propagator

ihilati int j 3 /by
annihilation poin (Y, ty)e® 5 < o (¥, tx) — G(y, tya €L, t:z:)

Quark propagator

Most costly part of calculation
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Calculation of Hadron mass

Extraction of a hadron’s mass from its propagator:

% Two-point correlator (hadron level, Heisenberg picture):

C(t) =D (Qx(& t)x(0,0)[Q) = S~ (] e PTe (0, 0)e 1P 75(0,0) |02

—_— —

€T €T
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Calculation of Hadron mass

Extraction of a hadron’s mass from its propagator:

% Two-point correlator (hadron level, Heisenberg picture):

C(t) = > QI x(#1)x(0,0)[Q) = S~ (2] e P\ (3, 00~ M 7x(0,0) |0)

—_— —

€T €T

Insertion of complete
set of momentum
and energy states:

=3 — | E) (n,E,
k.n

>| o—En(k)t jik-Z Zl (92x(0,0 )l ,0) 7 —mnt
2En (k)

Z| Q|X6

:I:nk

0)[n,
Ey (k)
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Calculation of Hadron mass

Extraction of a hadron’s mass from its propagator:

% Two-point correlator (hadron level, Heisenberg picture):

C(t) = > QI x(#1)x(0,0)[Q) = S~ (2] e P\ (3, 00~ M 7x(0,0) |0)

—_— —

€T €T

Insertion of complete
set of momentum
and energy states:

=3 — | E) (n,E,
k.n

>| o—En(k)t jik-Z Zl (92x(0,0 )l ,0) 7 —mnt
2En (k)

Z| Q|X6

:I:nk

0)[n,
Ey (k)

Sum over x gives 6(k), T
En(O) -
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Calculation of Hadron mass

Extraction of a hadron’s mass from its propagator:

% Two-point correlator (hadron level, Heisenberg picture):

—_— —_

€T €T

Insertion of complete
set of momentum
and energy states:

—. 2E, (k)

z,nk

C(t) = Z | (2x(0,0)[n, k) | e~ En(k)t jik-T _ Z

Sum over x gives 6(k), T
En(O) = Mn

Only terms that have same
quantum numbers as y survive
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Calculation of Hadron mass

Extraction of a hadron’s mass from its propagator:

% Two-point correlator (hadron level, Heisenberg picture):

—_— —

€T €T

Insertion of complete
set of momentum
and energy states:

CORGOF) P r_ s (OGO ()

z,nk

Sum over x gives 6(k), T
En(O) = Mn

Only terms that have same
quantum numbers as y survive

o~
s

% The mass of the hadrn appears, for the nth state
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

C(t) = Z 2Ei(ié)‘ (Qlx(0,0)|(rn’,0) ) [2e~mnt

% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state dominance.

1 — > — H
C(t ——1(Q]7(0.0)|H(0,0)) [?e~™""
()t>>1 2mHI( | x(0,0)|H(0,0))| e
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

1 | =
C(t) = — | { 1(_)'70 (n',0 2 —m, st
(t) zn;wn(k)u X (0,0)[(n’,0) ) [*e
% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.

~ ™A mass of ground state
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

1 | =
C(t) = — | { 1()’)0 (n',0 2 —m, st
(t) En,:zEn(k)“ X (0,0)[(n’,0) ) [*e
% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

C(t) = Z 2Ei(l-€»)\ (Qlx(0,0)|(rn’,0) ) [2e~mnt

% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.

C(1) = | (Q| 7(0,0)|H(0,0)) |*e¥"™,
t>>1 2m" /
™A mass of ground state
C(?) 0.7
H —
@) = log (cor n 1)> o
0.6
o
A\
gg, 0 | ";...!““? . ; ;_
® llll.i.-m..-.-é---§~§ é _ é—i ? § _§ § % % SRS
0.4 ]
Exponential fit mm
Constant fit
03 ! | | | |
0 4 8 12 16 20

i = 12
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

o) =3 in o (@0 5)) et

% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.

C(7)
t>>1 2m 4
C(?) |
H — ]
@ myp(1) = log (C(t + 1)> =0
0.6 - "
One may proceed with a _ i\
s : e 05¢ o
constant or multi-state fit & !-2..._5___;41} i i? - ‘o
0.4 -
Exponential fit mm
Constant fit
0.3 ' ' | ' |
0 4 8 12 16 20

i = 12
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

C(t) = Z 2Ei(g)\ (Qx(0,0)[(n,0) ) [Pe~mnt

% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.

C() ==ae | (Q] ¥(0,0)|H(0,0)) | € g
t>>1 2m" /
™A mass of ground state
C(?) 0.7
H —
@) = log ( C+ 1) > o
061 Excited states suppressed
One may proceed with a _ i\ »/
constant or multi-state fit £ 05/ oS ]
‘° Stesureeen Ut
0.4 .
Exponential fit mm
Constant fit
03 ! | | | |
0 4 8 12 16 20

i = 12
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Calculation of Hadron mass

% Overlap with ground state, excitations, other hadron states. Thus:

1 | ~
C(t) = - 0 6,0 | /,O 2 —m, it
() Zm(k)u X(0,0)[(n',0) ) e
% For large enough ¢ the exponential for excited states and multi-
hadron states, becomes very small, thus ground-state ominance.

n/

=" ™A mass of ground state

C(?) 0.7
H
am..(t) =1o
o) g(C(t+1)) =0
061 4 Excited states suppressed
One may proceed with a _ i\; »/
constant or multi-state fit § 0.5 r e, P Iy
. -—i§§§ jé{ﬂ:ﬁ:%ﬁ i % % LT
0.4 - :
Attend practice session Exponential fit s
by Luca Leskovec ! 0.g | Constant fit . . l
0 4 8 12 16 20

i = 12
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

- — —

* Choose the number of omitted
data in each bin (defines # bins)

Data

[9.][4] [4] [4] % Calculate the average over

A\ remaining data in each bin

Multiple jackknife resamples

% Calculate the average of the bins

Multiple model estimates

\v, the above average

Best model = standard error

% Calculate the statistical error of

BTl
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

* Choose the number of omitted
data in each bin (defines # bins)

Data
[9.][4] [4] [4] % Calculate the average over

IA\ remaining data in each bin

D1 Multiple jackknife resamples

L
¢ g

% Calculate the average of the bins

Multiple model estimates

\v, the above average

Best model = standard error

% Calculate the statistical error of
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

- — —

* Choose the number of omitted
data in each bin (defines # bins)

Data Ndata — 4’ Nomit — 1’ Nbin =4
d, A
[9.][4] [4] [4] % Calculate the average over

A\ remaining data in each bin

D1 Multiple jackknife resamples

| L
¢ g

fffffffffffff t==seed | % Calculate the average of the bins

Multiple model estimates

\v, the above average

Best model = standard error

% Calculate the statistical error of
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

p—— _

% Choose the number of omitted
data in each bin (defines # bins)

_1 Nbln_4

-éata Ndata_4 N0m1t
d, A
4[4 % Calculate the average over

IA\ remaining data in each bin

D1 Multnple jackknife resamples D4 D. — d;
| ‘ e e

i N, data — N, omit
% Calculate the average of the bins

% b )
j | F

Multiple model estimates

model, | [model,] [model % Calculate the statistical error of
| L 3

‘v, the above average

Best model £ standard error
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

p—— _

% Choose the number of omitted
data in each bin (defines # bins)

_1 Nbln_4

-éata Ndata_4 N0m1t
d, A
4[4 % Calculate the average over

IA\ remaining data in each bin

D1 Multnple jackknife resamples D4 D. — d;
| ‘ e e

N, data — N, omit

Viall
% Calculate the average of the bins

‘-. by D

Multiple model estimates : Nypin

model, | [model,] [model % Calculate the statistical error of
| L 3

‘v, the above average

Best model £ standard error
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Calculation of Hadron mass

Results MUST be accompanied by uncertainties

Jackknife resampling
for variance and bias estimation

% Choose the number of omitted
data in each bin (defines # bins)

_1 Nbln_4

-éam Ndata_4 N0m1t
d, A
][4 % Calculate the average over

lA remaining data in each bin

Multiple jackknife resamples D. = Z d]
. . .=
i N, data N, omit
% Calculate the average of the bins

‘-' by D

Multiple model estimates : Nypin

model, | [model,] [model % Calculate the statistical error of
| L 3

‘v, the above average
_ _ N, — 1
dD = \/ .- D)Z\/ bin

D1

Best model £ standard error
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Hadron Spectroscopy

% One of main research directions of Lattice QCD with great successes
(but beyond the scope of these lectures)

% Calculation of:
» low-lying baryon and meson states
» Excited and exotic hadrons
» Scattering and resonance states

20-plet of spin-1/2 baryons 20-plet of spin-3/2 baryons
=l uooy St iy Yo

o e @ Tyyo charm quarks =l

BTl
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2000 . —
- ETMC N¢=2 with CSW —@—
— 1.7 - BMW N¢=2+1 —l—
: L+Q 16 PACS-CS N:=2+1 —h—i Sooy
i = -0 "QCDSF-UKQCD N¢=2+1 +—¥—
. —-E Téi* 15} f By
%‘ : —o—_/!\_ 2 _T— A % 1.4 iﬁ
= 1000 ==l'alimall (\ED/ 1.3 | ~uEy
= i 1P 1.2 | 'ii'
500—— —e—K — experiment 1.1+ I.;i
‘ == width L
¢ QCD iek
J—e-T0 09~ l I . , | | |
BMW collaboration, Science 322, 1224 (2008) [C. Alexandrou et al.,Phys. Rev. D 90, 074501 (2014)]
Mmpl
1T

Hadron Spectroscopy

Low-lying meson and baryon states
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Hadron Spectroscopy

Low-lying meson and baryon states

2000 1.8 | I I | I [ [ I
’ ETMC N¢=2 with CSW —@—i
j 1.7 + BMW Nf=2+1 —l—
| L+Q e PACS-CS N:=2+1 i ooy
| =* .6 [QCDSF-UKQCD Nf=2+1 —¥—
1500 - | dy o f L
;‘ ] ¥ 2 _T— A S 14} Eﬁ
2 1000- 4 & -
e =i | N >
] —— P 1.2 + .iiv
500 —e-K — experiment 1.1 | b/ \ 4
i —= width 1+
¢ QCD je%’
: —o—TT 0.9 | | | 1 | | | | |
0 N N 2 = A 2* =* Q
BMW collaboration, Science 322, 1224 (2008) [C. Alexandrou et al.,Phys. Rev. D 90, 074501 (2014)]
— Lattice results reproduce experimental values
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Hadron Spectroscopy

H H B B 4 offset: -4000 MeV
| | [ s | [ | | | | [ | |

—

%

- =
— T

Stable states below decay thresholds

l

1800

f

1600

1400

1000

800

600

400

(MeV)
£
=
111]]1]]lllllllllllllllllFlIIIIIIIIIIIIIIIIIIII
3
k._.-‘
lllllIlllllllllllllllllllIlllllllllllllllllll

;

| | | | A IS Kronlfeld Alnnu Ri-)v Nucil PartISC| 62 (2012? 265, arX|v12109 346]8 R

PKK"T]n’(Dq)NAZEAZ*E*Q
Lattice results reproduce experimental values
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Hadron Spectroscopy

. w o H H B B g— offset: -4000 MeV
Ll T e T T O D O D L L
. —— §
2200 |+ Stable states below decay thresholds —
- - -
2000 @ —= oo —
I -
1800 |~ -
. 40
1600 [~ s —.
1400 - — L =
> —— form -
N B :
1000 [~ i EY Y5 E
. o= $ ]
E }*" —= S
600 |- . . —
. h "_' Lattice data more i,
400 |- ™. accurate than -
C experimental ones ’
200 |- -
E°°I°° l l 1 l A. Is Kronlfeld Alnnu Ri-)v Nucil PartlSm 62 (2012? 265, arX|v12109 34618 -
0
s P K ¢ M n ®© ¢ N A I E'. A ¥y =2 Q

— Lattice results reproduce experimental values
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Hadron Spectroscopy

| w W H H B B g— offset: -4000 MeV
20T T T T T T T T T T T T T T T3
N _— e 7
2200 |+ Stable states below decay thresholds —
- - - -
2000 @ — oo -
1800 :—_o' no experimental value -
. S4io”
1600 [~ s .
1400 - — T 28 =
; e !nn * -
2 1200 5 .
3 - 3 -
1000 |- 1P LHCRY Y5 =
. { ]
800 - P —= e
600 |- . . —
. ~ "_' Lattice data more .
400 |- ™. accurate than -
C experimental ones ’
200 —
E°°I°° : ] 1 l A. ]s Kronlfeld Alnnu Rlev Nucil PartlSm 62 (2012? 265, arX|v12109 34618 -
0
s P K ¢ M n ®© ¢ N A I E'. A ¥y =2 Q

— Lattice results reproduce experimental values
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Hadron Spectroscopy

~H H A4 H B B 4— offset: -4000 MeV
20 F1T—"T"T T T [ T T T T T T T T T T3
n —— . N
2200 |- Stable states below decay thresholds —
- - -
2000 @ — oo —
A a i
1800 |- no experimental value —
1600 :— iy %—:
1400 o— v =
; -—a !°" * .
2 1200 [~ 5 .
1000 | P Lt S50k -
. $ ]
800 —— .
. #"} v~ Open symbols also used 1
600 |- pa _ to fix parameters, such as =
. “ > Lattice data more b . . .
. “ lattice spacing ]
400 |~ - accurate than —
C experimental ones ’
200 - —
Z"“I"“ : 1 1 l A. ]s Kronlfeld Alnnu Rlev Nucil Partl Sci. 62 (2012? 265, arX|v12109 34618 -
0
T p K g M nw ©®© ¢ N A I E Ay = Q

— Lattice results reproduce experimental values
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Hadron Spectroscopy

Excited and exotic hadrons
charmonium spectrum (< 4.5 GeV)

I ]
1500 - - EF] ] - =
— - | B

B — B B e 7
B == _ _ _
I l:l L _l:l i
- | o
1000 -, == == L B DsDs |
S\ I e [———] _ i ]
O —
g B - L o _
N -
— _— - DD -
E| ——
= } i i i

500 | - - —~

0—+ 1__ 2—+ 2__ 3__ 4—+ 4__ 0++ 1+— 1++ 2++ 3+— 3++ 4++ __1—+ O+— 2+—

L. Liu et al. (Hadron Spectrum Collaboration), JHEP 07, 126 (2012), arXiv:1204.5425
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Summary of Lecture 2
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Key points of Lecture 2

Renormalization is an indispensable part of lattice calculations

Well-defined perturbative and non-perturbative renormalization
procedures (see also Lecture 3)

Calculation of nucleon and pion mass has been an important
starting point for lattice QCD

Hadron Spectroscopy has advanced tremendous and can provide
predictions and input for experiments
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Thank you



